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Likelihood Analysis of Geographic Variation in Allelic 
Frequencies 

II .  T h e  L o g i t  M o d e l  and  an E x t e n s i o n  to M u l t i p l e  L o c P  

Peter E. SMOUSE 

Depar tment  of Human Genetics, Universi ty of Michigan Medical School, Ann Arbor, Michigan (U.S.A.) 

Summary. Likelihood estimation and testing procedures are described for treating geographic variation in allelic fre- 
quencies as a logistic function of environmental variables. The basic response curve is sigmoidal, and avoids the ne- 
cessity of invoking environmental thresholds imposed by a linear response nlodel. The one-locus two-allele, one-locus 
three-alleles, and two-locus two-allele cases are explicitly treated, and the extensions to multiple alleles and loci are 
indicated. Three cases of geographic variation in gametic frequencies are analyzed to illustrate the utility of these tech- 
niques. A biological rationale is given for a sigmoidal response curve, and the utility of the logit model for univariate 
and nmltivariate "analysis of variance" is indicated. 

Introduction 

Likelihood estimation and testing procedures have 
recently been developed for the analysis of geographic 
variat ion in allelic frequencies by Smouse and Koj ima 
(1972), who were concernedwith testing the hypothe-  
sis that  genetic frequencies were correlated with the 
environment.  The particular form of association 
postulated in that  paper was specified by  the regres- 
sion equation : 

Pi = floZ,,i + fl~Z, + ... + fluZ~,.i (1) 

where Pi is the frequency of an allele in the i- th po- 
pulation, the Z's are a set of environmental  measures 
of interest (Zoi is a dummy regression variable of I for 
all populations), and the fl's are the usual sort of re- 
gression coefficients. The linear model given by (1) 
is not the only possible choice of functional relation- 
ship, but  forms a familiar and convenient point of 
departure for the analysis of pat tern  in geographic 
variat ion (Kojima, et al., 1972). Equation (I) suffers, 
however, from two limitations. 

The first of these is that  Pi, as formulated, is not 
bounded by  (o, 1), as must be the case for a prob- 
ability. This fact necessitates the imposition of 
thresholds, and the relationship takes the form shown 
in Fig. la. The necessity for thresholds becomes par- 
ticularly important  when several populations exhibit 
observed frequencies of I or o (c./. Table 3 of Kojima, 
el al., 1972). Observed fixation may  often arise solely 
as a result of finite sampling, however, and the ira- 
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position of a threshold in such cases is an artifice at 
best. 

The second limitation is that  the model is incon- 
venient for multiple-locus analysis. If  the two loci 
are segregating independently, the likelihood function 
(except for a combinatorial constant) is: 

[ J K 
L ( P I X  ) o o H  H H !Pii.Pi.kixi/~ (2) 

i 1 /  lk= i 

where : 

P i j k -  : f)i].Pi.kl = (F~]Zi) (B'kZi) (3 )  

is a quadratic equation in the Z's. The index (i) refers 
to tile population; the indices (f) and (k) reference 
alleles at the A and B loci, respectively. Tlle analysis 
degenerates to the sum of its single-locus components. 
If the two loci are not segregating independently, the 
likelihood function takes tile form: 

I J K 
L(PIX)  c ~ l l  I I  H f~162 (4) 

i l] ik-1 

where : 

is a linear function in the Z's. Although an appro- 
priate test  criterion to distinguish between (2) and (4) 
is easily constructed, it is difficult to relate the test 
to any meaningful s ta tement  about the fl-coefficients. 
The transition between the two models is rather for- 
ced. 

The objective of this paper is to suggest an alter- 
native to (1), and to show how it overcomes both of 
the above difficulties. This alternative is the logistic 
(or logit) model of Fisher (1935) and Finney 0952). 
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T h e  L o g i t  M o d e l  

One L o c u s  

Let  us define a regression hypothesis ,  not  on P,  but  
ra ther  on l n P :  

~ p ~  := fl, , ,z.~ + f l . z .  + ... + f l , ~ z ~  - -  B ' , &  

(6) 
which m a y  be rewrit ten either as" 

h~ y 2  2o- ~ = A ' Z ~  (7) 

where A Bx -- Bo or as : 

P i  = e~. exp { A ' l i }  ; 
(l  - -  Pi )  = ~ = [1 + e x p  { A ' Z i } ]  - 1  . (8) 

This formulat ion has the advantage  tha t  for all real 
values of the A ' s  and Z ' s ,  P ,  is bounded  by" 

o ~ P ,  ~ I . (9) 

The sigmoid form of (7) is shown in Fig. t b, and has 
the same general shape as (1), while avoiding arbi- 
t rar i ly  sharp thresholds. Tile logistic model  has 
received much a t tent ion  in bioassay, and the reader 
interested in more detail  is referred to Cox (1970). 
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Fig. I. Regression of Allelic Frequency P on Environmental 
Measure Z; (a) Linear Model P ~ 17o q B1Z; (b) Logistic Mo- 

del ln[I~/(t - -  /~)] : A o @ A1Z 

The logistic formulat ion m a y  be extended to mult i-  
ple-allelic loci. Consider the three-allele case, where 
the counte rpar t  of (6) is: 

In P l i  = B'~Zi;  In - P 2 i  = B'2Zi;  
~,  (I - P . -  G J  = B;Z~" (1o) 

which m a y  be rewrit ten either as: 

z~(~ ~ "  / - - A ; z , ; z , ~ (  2 2  ̀ - - /  
-- P l i  --  P2i l  ~1 -- P l i  -- P2i] 

- -  A 2 &  " (11) 

where A 1 = B 1 - -  B a and A s - -  B 2 - -  Ba,  or as: 

P,i  --  0~. exp {A~Zi} ; P2i ~ o~. exp {A;Z,} ; 
(1 - -  P l i  - -  P 2 i )  = o~ ; ( 1 2 )  

with 
e~ --  !1 + exp { A ; Z i }  + exp {A'eZi)]  -1 . 

To obtain est imates of the A-coefficients,  one dif- 
ferentiates the logar i thm of the likelihood funct ion 
with respect to each parameter  (Ai) ,  sets each of the 
result ing equat ions equal to zero, and solves for tile 
coefficients. For  the two allele case, one has:  

{ al~L[ = ~/, (:y~ _ (,V, - X i !  ~ a e i  

where 

{ 6Pi~ = Ziifoi  (1 --  >i) �9 (14) a ~ J a  

The result ing equat ions m a y  be wri t ten in mat r ix  
form : 

z ' u  [i,  - Pj = o .  ( is)  
The mat r ix  Z '  is (K + 1)•  I, and contains the inde- 
pendent  regression variables for all I populat ions.  

U = diag {Nd ; P is the I •  1 vector  of es t imated 

frequencies;  P is the I •  1 vector  of observed fre- 
quencies { X d N i }  ; and 0 is the I • 1 vector  of zeroes. 
Equa t ion  (15) is not  explicit ly solvable in terms of 
tile Ais and one must  i terate to a solution. 

I t  can be shown tha t  the mat r ix  of second part ial  

derivatives,  evalua ted  at P is: 

{ ~l,~L /~ = _ (Z'fizZ) (16) 

where fV = diag { N i P i  (1 - -  /3i) } . The solution is 

obta ined by  i terat ing 

~i~.~,~ ~ i~  + z ' f i ~ < z 1 - 1 1 z ' c ( 1 ;  - P~)I  (17) 
�9 ' ~ 0, 1, 2, . . . .  

This is the s tandard  Gauss-Newton procedure,  and 

converges to the correct  solution, provided 2{ is 
finite, which will usually be the case. Since (16) is 

s t r ic t ly  negative definite for all , t ,  there is only one 
relative ex t remum,  and the solution to (15) is unique. 

To obtain est imates of the vectors  A t and A s of the 
three allele case, one differentiates In L as before, 
and obtains the following mat r ix  equat ion:  

Z ' * U *  Ei'* --  P*I  = 0 (18) 
where : 

[o, , /,9, z ' *  = ' (K + ~) 
I I 

and:  

U* 
0 ! I 
I I 

(20) 
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with U = diag {Ni}, and / ;*  and 1 g* given, re- 
spectively,  by:  

1;:'" = i~ and I~ 

Direct  est imates of A~ and A 2 are not  available from 
(18) and one must  i terate  to a solution. 

The ma t r ix  of second part ial  derivat ives for the 
three allele case is easily shown to be: 

{ d21nL ~ = -  (Z'*I~7*Z *) (22) 

where 1~'* is given by:  

'V~I" = [ Wll  ~12 ] (23' 
L ~ I  |'f22 

and fi;~ = diag {NiP,i  ( 1 . -  d~,i)}, li~= = diag 

{N~P2~ (1 - / ~ ) } ,  IL, = IG~ = diag {-- NiP,iP2i }. 
This leads to a three-allele counte rpar t  of (17): 

d~ ~ ,) = , i~  + [z*'wLz*]-~ Ez*'c* (t;.:- - t;*~,~)], 
r = o, , ,  2 .... (24) 

which converges to the correct  solution, provided A* 
is finite. Since (22) is s t r ict ly negat ive definite for all A+ 
A ' ,  this solution is unique. The likelihood ratio test  
cri teria developed by  Smouse and Koj ima  (t 972) are 
valid for the logistic model  developed here as well. 
The  reader  is referred to tha t  paper  for details. 

Two Loci 
The two-locus, two-allele case m a y  be t rea ted  as 

a one-locus, four-allele case. The probabili t ies of the 
four gametes m a y  be defined as: 

In Plti = BIZi ;  In f)12i = B'2Zi" In P 2 , ;  = B'3Zi; 
In P22i = B'4Zi (25) 

which m ay  be a l te rna t ive ly  wri t ten:  

h, ( - , -  n.)' z ,  : A;z, 
\Pi_- t 

In / Pile / (B 2 --  B~)' Z i : A'2Z i (26) ~PiT/= 

or as the four-allele equivalent  of (l 2). The  est imates  
of Aa, A=, and A a must  satisfy a four-allele equivalent  
of (1 5) and (18). An i terat ive scheme similar to (24) 
will yield the m a x i m u m  likelihood estimates,  which 
are unique. 

The two-locus test  cri teria for the regression and 
lack of fit components  of the geographic var ia t ion 
are, respect ively:  

2 
& ( A  ~)  = - 2 ~ Z 22 x , ~  x 

i=:~ ]=4 k=l 
x [In P,.,~ - In fi~i,d "-" ):~," 

l 2 2 ( 2 7 )  

X [In Pii~ In Pi]lfq 
- -  . ~ Z 3 ( I  - / - : - 1 )  

where 

f ' . k  = i=lZ x,jd2L',=, Ni. (23) 
~5ii I = X i j d N i ,  

A 
and Piil~ is the es t imated value of P~:jk under  (25}. 
Various sub-hypotheses  may  be tes ted by  par t i t ion-  
ing AR(AB)  along similar lines to those described by  
Smouse and Koj ima  (1972). 

The hypothesis  t ha t  each locus responds inde- 
pendent ly  (in logistic fashion) to the envi ronmenta l  
variables is equivalent  to the assumption:  

[B1 -- B2 --  Ha Ji- B4] - -  [A1 -- A2 -- Aft] = 0 .  
(29) 

This is shown as follows. The  logit of the nlarginal 
probabi l i ty  of the first locus (Pi~.) is wri t ten" 

/ - ~ ! ' - - /  . r P . ,  + P.._~ 
In \ 1 -  Pi,.l [Pi21 q-.l i22] 

= l n [ e x p ( A i Z i )  -!-exp(f'.2Zi)] (3'0 
exp (AaZi) @ 

In view of (29), this may  also be wr i t t en '  

[ P ! "  ~ [exp (A;Z,){{ + exp !.4:]~i,[] 
In U - Pi,. I = In " q- exp (A;Z,:)/] 

= A ; Z  i (3 ~) 

which is logistic. Similarly: 

In (l ])i., ~ . . . . .  A;Zi  (32) 

and the two are independent .  To show tha t  inde- 
pendence implies (29) it is sufficient to note  tha t  the 
condit ion for independence is: 

Pil I Pi22 __ 
P i l 2 [ ' i 2 1 -  "1 for i = 1 . . . . .  I (33) 

or a l te rnat ive ly :  

[PiI!Pi22] = (~J~l -- ~~2 -- Ba -k //4)' gi I 
In [Pi,2P,:2,J = (A1 _ Ae -- Aa) 'Z i = 0 (34) 

! 
for i = 1, 2, ..., I , 

which implies (29). 
A test  of the val id i ty  of (29) is obta ined by  compar-  

ing A ~ ( A B )  of (27) with the sum of the two corres- 
ponding single-locus components :  

I / 
A~(A)  = - 2 X 22' X , .  zn [_%. - Z~ b , ,1  ~ z~,- 

i=l ]=1 ir 

& ( r 3 )  = - 2 ~ ' ,  ~ x,.,, z~ If;,.,, - h, ?,:.,,~ ~ z ~  [ 
i : t  k ~ t  J 

(3s) 
where the analysis is done separate ly  for each locus, 
as described above. The test  of independence is thus 
seen to be: 

[An(AB ) --  A~(A)  -- A/~(B)] ~ Z~ �9 (36) 

Similar t r ea tmen t  is possible for AT(A B), and the 
resulting analysis is depicted in Table 1. This t reat-  

Theoret. A ppl. Genetics, !Tol. 45, No. 2 
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Table 1. Likelihood analysis of geographic varia/io~z in two-locus gametic frequencies 

Source (If Z 2 

Regression 3 K AR(.4 B) 
l,ocus A K 
Locus B K 
Interaction /( 

l,ack of fit 3(/-K-t) AL(A t:l) 

Among populations 3(/-1) ,iT(A B) 
l.ocus A (l-i) 
I.ocus B (I-1) 
Interact ion (I- 1 ) 

ment may be extended to multiple alleles and loci. 
The linear restrictions on the B-vectors which are 
required for independence among loci are more ela- 
borate than (29), but the estimation and test criteria 
are entirely analogous to those above. 

Aie( l~) 
AR(AB) - A R ( A ) -  AR(IY) 

At(A) 
At(/3) 
Ar(AB) - -  dr(A) At(B) 

I l l u s t r a t i v e  e x a m p l e s  

One Locus, Two Alleles 
In a study of Dros@hila pavani (Kojima, et al., 

1972) a linear regression model of P on latitude, ele- 
vation, and season required an environmental thre- 
shold for two loci (PGM and PGI). The observed 
frequencies of the PGM locus are plotted against the 
regression equation (used as an environmental index) 
in Fig. 2. For comparison, the data were fitted to 
a logistic regression model, and the plot of observed 
frequencies against the altered regression equation 
(as an alternative environmental index) is shown in 
Fig. 3. The fact that  a whole set of populations (the 

January  collections) have 15 = I suggests that the 
frequency is seasonally high and that finite sampling 
is responsible for the apparent fixation. The logistic 
model avoids the assertion that the PGM locus is 
seasonally "fixed". 

1.0 g 
5 

0.9 

g 
0.81 

b_ 

> 
m 0.7 
I.LI 

m 
o 

0,6  
0.7 

0 

PGM(F) 
o 

I i i 
0.8 0.9 IO 

ENVIRONMENTAL INDEX 

I = B o Z o + B i  Zj + B 2 Z 2  + B~Z 3 

lgig. 2. ()l)served l:requeucies of t he  Fast-;'kllele of Phospho- 
glucomutase (PGM) for Populations of Drosophila pavani, 
I'lotted Against an Environmental Index (Estimated Linear 
Regression Kquation} of ILlevation (ZI), Latitude (Z.,}, and 

Season (Za) 

One Locus, Three Alleles 
Genotype-environment relationships have been 

carefully examined in the harvester ant Pogonomyr- 
mex barbatus by means of principal components ana- 
lysis (Johnson, et al., 1969). Clear associations were 
f~)und between allelic frequencies and environmental 
variables. I have examined the frequencies of the 
alleles of the Esh locus in the following fashion. The 
locus is a multiple allelic system, but all except three 
alleles are quite rare. I have pooled allele (6) and 
these rarer alleles into a single class, and have analyz- 
ed the locus as three-allele system. Only those po- 
pulations with corresponding environmental measu- 
rements were used, and the reduced data set consists 
of twenty-five (25) collections, totalling 4806 alleles. 
The analysis of geographic variation in allelic fre- 
quencies is shown in Table 2. The order of fitting 
shown is not the only one possible, but is the order 
for which maximum variation is removed at each 
stage. The order clearly effects the values of the 
components. 

It  is worth noting that the allelic analysis shown 
above is correct for diploids if one may assume Hardy- 
Weinberg equilibrium within each population. This 
assumption is not always justified for this example 
(Johnson, el. al., 1969, Table II), but is not seriously 
violated except in a few cases. Both the parameter 
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Fig. 3. ()bserved Frequencies of the Fast-Allele of Phospho 
glucomutase (PGM) for Populations of Drosophila pavani, 
Plotted Against an Environmental Index (Estimated Logistic 
Regression Equation) of Elevation (ZI), Latitude (Z2}, and 

Season (Za) 
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Table 2. Likelihood a~utlysis of geographic variation in. allelic frequencies (~t the Esh locus i.n 
the harvester ant ( Pogonornyrmex barbatus) 

Source df 

Regression 1() 
Z1 

2 2 1 2 1  

ZaIZ 1, Z~ 

Z4IZ1, Z2, Za 
Z~IZ1, Z2, Za, Z~ 
l ,ack of fit 38 

.Z 2 Accum. Z" % 

1538.17 
2 993.46 993.46 64.6% 

2 418.46 1411.92 91.8% 

2 44.72 1456.64 94.7% 

2 74.52 1531.16 99.6% 

2 7 . 0 1  1538,t7 lOO,O,% 
361.34 

Total  48 1899.51 

Z 1 = Annual precipitat ion Z,z = Ave. Jan. temp. Z a --: Ave. July temp. 
Z t Growing season Z~ = Elevation 

Est imated coefficients 

8-allele +17.9t647 +.13388 --.17256 --.12545 -- .0()648 --.0005o 
4-allele --8.41258 t .06431 -- .O0983 +.12718 --.01637 -- .00003 

e s t ima te s  and  the  tes t  c r i t e r ia  m u s t  therefore  be 
v iewed  as a p p r o x i m a t e .  The  sizes of the  componen t s  
in Tab le  2, however ,  are so large as to make  signifi-  
cance t es t ing  point less .  

The  regression mode l  accounts  for 81% of the  t o t a l  
va r i a t i on  among popu la t ions .  E l e v a t i o n  con t r ibu te s  
ve ry  l i t t le  to the  desc r ip t ion  if the  o ther  var iab les  are 
f i t t ed  f irst ,  and  migh t  be de le ted  wi th  no real  loss in 
i n fo rma t ion ;  a mode l  invo lv ing  annua l  p rec ip i t a t ion ,  
mean  J a n u a r y  T e m p e r a t u r e ,  mean  J u l y  T e m p e r a t u r e ,  
and  Growing  Season accounts  for 99.6% of the  t o t a l  
regression componen t .  

The  obse rved  frequencies  of allele (8) and  allele (4) 
are p l o t t e d  aga ins t  the i r  respec t ive  env i ronme n ta l  
indices  (regression equat ions)  in Fig.  4 and  5, re- 
spec t ive ly .  B o t h  of these  indices  m a y  pe rhaps  bes t  be 
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Fig. 4. Observed Frequencies of the (8)-Allele of Esterase-lY 
(Esh) for Populations of Pogonornyrmex barbatus, Plotted 
Against a Logistic Environmental Index (See Table 2 for 

Z-Variables) 

i n t e r p r e t e d  as measures  of the  t r ans i t i on  from a sub- 
t rop ica l  coas ta l  c l imate  to an a r id  con t inen ta l  c l ima-  
te. The  agreement  be tween  obse rved  and  expec t ed  
frequencies  is b y  no means  per fec t  (the lack  of fi t  
va r i a t i on  is h igh ly  s ignif icant) ,  b u t  the  p a t t e r n  is 
never the less  qui te  ev ident .  The  analys is  shown in 
Tab le  2 cons t i tu te s  an in fo rma t ive  a l t e rna t ive  to  the  
p r inc ipa l  componen t s  app roach  of Johnson ,  et al. 
(1969). 

Two Loci, Two Alleles Each 

There  is a p a u c i t y  of pub l i shed  two-locus  gamet ic  
d a t a  for large numbers  of geograph ica l ly  d ispersed  
popula t ions .  Whi le  m a n y  s tudies  are conduc ted  in 
such a fashion t h a t  mul t ip le - locus  geno types  are 
recorded  for each ind iv idua l ,  p r eoccupa t ion  wit l l  
s ingle-locus p a t t e r n s  has  p rec luded  publ i sh ing  mul t i -  
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Fig. 5. Observed Frequencies of the (4)-Allele of Esterase-H 
(F.sh) for Populations of Pogonomyrmex barbalus, Plotted 
Against a Logistic l:nvironmental Index (See Table 2 for 

Z-Variables) 
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Table 3. Er feahtres and ga'metic freque~zcies of lhe PGM and G6PD loci for populations of 
Drosophila pavani 

Month of Sample Gametic frequencies 
Population location Latitude Elevation 

collection size N FI  r FS SF SS 

El Tabo January  33~ 25m 1o4 .0o0 1 .(~o0 .0o0 .~)oo 
Bellavista January  33~ 6oom 4(} .175 .825 .ooo .oo0 
San Jos6 de Maipo January  33~ ' 967m 98 .o51 .949 .00() .000 
Melipilla January  33041 ' 164m I ()2 .020 .980 .0o0 .00o 
Volcan January  33o50 " 1800nl 92 .152 .783 .022 .043 
l,a Serena March 29055 " 60m 108 .278 .722 .00o .ooo 
Vicufia March 3o~ " 650m to4 .328 .500 .086 .o86 
l ,eyda March 3303.7 " 100m 1o6 .2t7 .566 .(t28 .189 
San Jos6. de Maipo March 33039 , 967m 104 .183 .654 .058 .1(17 
Capiap6 April  27034 " 381m 1(18 .o83 .630 .000 .287 
Vallenar April  28~ 384m 8o .00~) .638 .000 .362 
Rancagua April 34~ 5o0m 108 .3o6 .648 .00o .O46 
San Fernando April 34035 " 334m 108 .241 .713 .046 .000 
Santa Cruz April 34o38 " 164m 108 .204 .63O .O46 .12(/ 

137o .1635 .7255 .0219 .(i)891 

SF PGM(S), G6PD(F); SS = PC;M(S), G6PD(S) JrF - PGM(F), G6PD(I:); FS = PGM(F), G6I'D(S); 

Table 4. Likelihood analysis of geographic variation in 
two-locus gametic frequencies ( PG~,I and G6 PD) for Droso- 

phila pavani 

Source df Z 2 

Regression 9 
PGM 3 
G6PD 3 
PGM • G6PI) 3 

Lack of fit 30 

Among 
populat ions 39 

PGM 13 
G6PD 13 
PGM X G6PD 13 

198.26"** 
100.05"** 

43.08*** 
55.13"** 

222.37*** 

420.63*** 
200.89*** 
185.15"** 

34.59** 

ple locus frequencies .  In  add i t ion ,  mos t  s tudies  in- 
volve  the  assay  of zygot ic  genotypes ,  and  gamet i c  
f requencies  are only  i nd i r ec t l y  es t imable .  I t  should  
be possible,  b y  means  of p rope r  tes t -cross ing,  to 
ob ta in  a game t i c  assay  in m a n y  s tudies ,  b u t  the  
des i r ab i l i t y  and /o r  u t i l i t y  of such a p rac t ice  has  ye t  
to  be es tab l i shed .  

The s t u d y  of Drosophila pavani (Koj ima ,  et al. 
1972) a l r e ady  men t ioned  was conduc ted  so t h a t  
ove r l app ing  sets of loci were a s sayed  on ind iv idua ls .  
A l t h o u g h  the  two-locus  geno types  were assayed  as 
zygotes ,  i t  is poss ible  to e s t ima te  two-locus  gamet ic  
f requencies  wi th in  a popu l a t i on  b y  means  of max i -  
m u m  l ike l ihood  procedures .  The  s t r a t e g y  is to pa r t i -  
t ion the  double  he te rozygo tes  in to  coupl ing  and  
repuls ion  phases  in such a m a n n e r  t ha t  t i le  t o t a l  
zygot ic  a r r a y  is bes t  p r ed i c t ed  b y  the  resu l t ing  two-  
locus gamet ic  frequencies.  These e s t i m a t e d  fre- 
quencies  m a y  be used for the  two- locus  ana lys i s  
ou t l i ned  above,  a l t hough  the  t es t  c r i t e r ia  mus t  be 
v iewed as app rox ima t ions .  I ]lave chosen to ut i l ize  

the  PGM and  G6PD loci to i l lus t ra te  t i le  analys is ,  
because  ti le double  he te rozygo tes  represen t  no more  
t han  1o% of any  given sample .  The  ambigu i t i e s  
ar is ing f rom de t e rmin ing  the  gamet i c  compos i t ion  
of th is  class are therefore  min imal ,  and  the  ana lys i s  
descr ibed  above  should  cons t i tu t e  a good f irst  appro -  
x ima t ion .  The e s t i m a t e d  gamet i c  f requencies  for 
these  two loci are l i s ted  for all popu la t ions  in Table  3, 
a long wi th  ti le three  e nv i ronme n ta l  measures  of 
in te res t .  The  two-locus  l ike l ihood analys is  is shown 
in Table  4. 

The  overa l l  regression componen t  accounts  for 
only  abou t  47o./o of the  among  popu la t ions  va r i a t ion ,  
b u t  is never the less  h igh ly  s ignif icant .  Consider ing 
the  coarseness of the  e nv i ronme n ta l  var iables ,  the  
large lack of fit  t e rm  is not  a t  all surpr is ing.  The in te r -  
ac t ion componen t  of the  among  popu la t ions  t e rm  is 
large,  and  ind ica tes  t h a t  the  two loci do no t  v a r y  
i n d e p e n d e n t l y  over  geography .  The  in t e r ac t ion  
componen t  of the  regression t e rm  is also qui te  large,  
i nd ica t ing  t ha t  the  p a t t e r n s  of va r i a t i on  are no t  
i ndependen t  for the  two loci. The  sizes of the  in te r -  
ac t ion te rms  suggest  t ha t  pe rhaps  more  a t t e n t i o n  
should  be focused upon  mul t ip le - locus  gamet i c  
p a t t e r n s  of geographic  va r i a t i on  t han  has  here tofore  
been the case, and  t h a t  some effort  t o w a r d  careful  
gamet ic  assay  is wa r r an t ed .  

D i s c u s s i o n  

I have  descr ibed  above  ti le s t a t i s t i c a l  u t i l i t y  of the  
logist ic  model .  There  remains  the  ques t ion  of whe the r  
a s igmoidal  response curve should  be expec ted  wi th  
allelic frequencies,  or whe the r  the  l inear  mode l  pro-  
posed  b y  Smouse and  K o j i m a  (1972) and  descr ibed  
b y  equa t ion  (1) is more  a pp rop r i a t e .  The  t y p e  of 
geographic  p a t t e r n  to be expec ted  depends  en t i r e ly  
on ti le model  employed .  I shall  on ly  descr ibe  two 
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nmdels below, bo th  of the heterot ic  sort, bu t  others 
are possible. 

Consider first a single locus with two alleles (A and 
a) and zygotic fitness coefficients (1 --  /~i)" 1 :(1--/2i), 
where / t i  and/2i  are related to the envi ronment  by :  

/ l i =  Bm 4- B]Z~i @ ... Jr BI,-ZKi ~ (37) 

/2i : B 2 o -  B1Zli BKZI , ; i .  I 
The equil ibrium allelic f requency of the i-th popula-  
t ion is seen to be '  

)eli 
Pi = f l i - t  f2i 

= /BlO + Bzo)] -1 iBm + BIZ1i -5 "'" 4- BKZKi? , 
(3s) 

which is the equivalent  of equat ion (1). 
Alternat ively,  consider the selective model  given 

by  the zygotic  selection coefficients ( 1 -  e-/,*:l �9 
: 1 -- e-hi), where / , i  and I2i are related to the envi- 
ronment  by  : 

/ l i  = /I~10Z0i @ 12~llZli ~-  "'" -@ BI/x 'ZKi / 
(39) / /2i : Be, oZoi Au B21Z,i 4- "'" @ B2KZI~i 

and the equil ibrium condit ion for the i-th popula t ion 
is given by  the re la t ion '  

I n  ()7 = ( / l i  - -  /2i) = (~2~1 - -  32)  ! Z i  = - 4 t Z i ,  

(40) 

the logistic model. The reader is referred to Endler  
(1973) for a discussion of fur ther  models. 

I have assumed above a complete absence of migra-  
t ion among populat ions.  If  migra t ion is added to  the 
first model above, the pa t t e rn  becomes more sig- 
moid. The greater  the f requency of migrat ion,  the 
greater  is the degree of curvature  introduced.  The 

second model becomes flat ter  with migration.  End-  
ler (1973) describes the effects of migrat ion on several 
models. In  general, the effect is to yield a sigmoidal 
pat tern ,  and the logistic model described above should 
be quite generally useful in the analysis of geographic 
pa t te rn  in allelic frequencies. 

The use of the logistic model is not  restr icted to the 
type  of regression problem described above. The Z- 
variables m a y  just  as easily be chosen to represent 
the types  of "cont ras t -var iab les"  so familiar in analy-  
sis of variance.  Using the same general approach  
described above, one m a y  rout inely  deal with "ana-  
lysis of var iance"  for mul t inomial  si tuations [gametic 
frequenciesl, either at the univar ia te  (one locus, two 
alleles) or the mul t ivar ia te  (one locus, multiple 
alleles; or multiple locus) levels. 
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